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Abstract

The Differential Transform Method (DTM) is a semi-analytical series technique
for constructing approximated series solutions of ordinary differential equations
without evaluating high-order derivatives as in the Taylor procedure. This study
presents a combined assessment of DTM for linear and nonlinear initial-value
problems, with particular emphasis on convergence, truncation, and quantitative
error evaluation. In addition to comparisons with exact solutions, the revised
analysis introduces an analytic truncation-error bound for solutions that are
analytic near the expansion point, an explicit stopping criterion, relative and
maximum absolute error measures, and an order-normalized comparison with
HAM, HPM, and OHAM for a common test problem. A nonlinear Riccati problem
with a finite radius of convergence is also included to examine strength and to
illustrate limitation of local power-series approximations. The results show that
DTM can produce highly precise approximations within its region of
convergence, but its performance depends on truncation order, solution
analyticity, and the distance from singularities. The study therefore, emphasizes
reproducible accuracy assessment rather than an unconditional claim of
superiority over other semi-analytical methods.

Keywords: Differential Transform Method, Linear and Nonlinear Differential
Equations, Convergence, Truncation Error, Error Analysis, Semi-Analytical
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Introduction

Differential equations play an important role in modeling, the
fluid mechanics, heat and mass transfer, elasticity, chemical engineering,
oscillation theory, and many other scientific and engineering problems
(Carr, 2006; Polyanin & Zaitsev, 2017). Closed-form solutions are
available only for constrained classes of problems, so approximated
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analytical and numerical techniques remain important for linear and
nonlinear models. Common techniques like Runge-Kutta schemes, the
Adomian decomposition method, the variational iteration method, the
homotopy perturbation method, and the homotopy analysis family
(Hashim et al., 2006; Nawaz, 2011).

The Differential Transform is a power-series method related to the
Taylor expansion. It generates the series coefficients through algebraic
recurrence relations obtained directly from the governing differential
equation. In this sense, Differential Transform Method (DTM) avoids the
repeated symbolic differentiation required by a conventional high-order
Taylor series and can be suitable for initial-value problems. The method
has been applied for ordinary differential equations, linear nonlinear
partial differential equations, higher-order boundary-value problems,
differential-algebraic systems, and fractional models (Odibat & Momani,
2008; Rawashdeh, 2013; Warade & Rastogi, 2018).

Previous studies have confirmed several extensions and
applications of DTM. Two-dimensional forms have been developed for
partial differential equations, generalized forms have been utilized for the
solutions of fractional-order problems, and modified variants have been
applied to nonlinear systems (Odibat & Momani, 2008; Benhammouda et
al., 2014). DTM has also been applied to compared with Taylor-series and
other semi-analytical methods for ordinary differential equations (Yazdani
et al., 2016). These studies found the method as a valuable coefficient-
generator for power series, but the stated demonstrations often use variuos
truncation orders, error definitions, domains and comparison conditions.

The specific contribution of this study is not the development of
DTM itself. Rather, the novelty is a unified validation framework for
representative linear and nonlinear test problems. This research study state
(i) an analytic convergence and truncation-error estimate for analytical
solutions, (ii) it specifies the truncation order and a practical stopping
criterion, (iii) it also reports relative, absolute and maximum absolute
errors, (iv) and introduces an order-normalized comparison with HPM,
HAM, and OHAM, and (v) adds a nonlinear Riccati test problem whose
exact solution has a finite singularity. This latter test makes the necessity
of DTM on the radius of convergence explicit and provides more steady
assessment of both strengths and limitations.

Accordingly, the aim is to evaluate when DTM provides reliable
local series approximations and how its accuracy changes with truncation
and problem structure. Comparisons with other methods are interpreted
under stated approximation conditions, and claims of universal superiority
in accuracy, efficiency, or stability are avoided unless the computational
conditions are directly comparable.
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Basic Theorems of Differential Transform Method (DTM)

To provide a concise outline of the fundamental idea of DTM. Let
us consider a function y(t), its differential transform about t = 0, is
defined as

1 [d*y,(t)
Yy (k) = = [ 22 Lzo' )

Here, Y;(k) is the T-function or transformed, of the function y;(t).
Generally, the original function is symbolized by capital letter and the
Transform functions by small letters. Its Inverse Transform is defined as:

y1() = Xii=o Y1 ()t" (2)
Combining Equation (1) and (2):
w 1dfy(®
Y1 (k) = Xk=o E% (tk) )

Basic Results of Differential Transform Method (DTM)
1) Letzi(t) = y1(t) £ y,(t), its transform is Z; (k) = Y; (k) + Y, (k).
2) For g,(t) = ny,(t), then G4 (k) = nY,(k), where is nconstant.
3) For hy(t) = 2 fa(t), then Hy(k) = (k + 14k + 1).

4) For hy(x) = ;—mm v4(x), then its T-funcion is given below Hy (k) =
Uetm)] Y (k +m).

k!
5) For f(t) = g.(t)g,(t), then its transform will be F(k) =

Xy=0G1(NG2(k — 7).

lifn=k
— n —
6) For f(x) = x™, then F(k) = {Oifn e
k
7) Ifz(x) = eM*, then its transform Z (k) = &.

k!
8) Ifz(x) = (1 + x)9, then its differential transform will take the form
Z(k) = a@=1)....(q-k+1)

k!
9) The transform form of will be
10) The transform of the cosine function z(t) = Cos( At + p;), will be

k
Z(k) = Cos(Zk + py).

Convergence, Truncation, and Error Measures

The DTM coefficients are the coefficients of Taylor of the
solution at the expansion point; convergence is governed by analyticity.
Let y(t) = Xr=o Y (k)(t — to)*be analytic in |t — ty] < R and assume
l¥(2)| < Mon the circle |z — ty| = R. Cauchy's estimate gives|Y (k)| <
%. Hence, for r = |t — ty| < R, the truncation remainder after order N
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M(£)N+1

satisfies |Ry(t)| < — T This estimation explains, that how the DTM
R

series converges faster, well inside the nearest singularity but can converge
slowly as r approaches R. For the numerical calculations, the truncated
approximation is yy (t) = Yh_, Y (k)(t — to)¥. The approximation order
is increased until the largest contribution of the newly added term on the
reported interval satisfies max,|Y(N)(t — ty)V| < &, or until a stated
fixed order is reached for an order-matched comparison. In the revised
calculations, € = 10~8 is used where the criterion is attainable on the
selected interval. Problem 2 uses N = 10, for the high-accuracy DTM
table, while the cross-method comparison uses the common polynomial
degree N = 3, for all four methods. Three error measures are used. The

absolute error i |Vexact(t) —yn(t)|. The relative error is
Eqps(t)
[Yexact I’

grid is max;E,ps(t;). For method-level summaries, the mean absolute

Yexact (t) # 0. The maximum absolute error on the tabulated

error is %Z?ﬂlyexact(ti) — yn(t))|], and the root-mean-square error is

\/%Z{‘zl[yexact(ti)—yN(tl-)]z. Three error measures are used. The

absolute error is Egps(6) = |Vexact — yN(t)|. The relative error is

Eabs(t)
|Yexact(t)| ’
the tabulated grid is Eypqyx = max; Eqps(t;)- For method-level summaries,
the mean absolute error and root-mean-square error are also reported.
These measures separate local pointwise agreement from overall
performance on the selected grid.

Ereit) = when Yeyacr(r) # 0. The maximum absolute error on

DTM Solutions of Linear and Nonlinear Differential Equations

In this section, DTM is applied to representative linear and
nonlinear differential equations. The approximate solutions are compared
with exact solutions, and the numerical accuracy is evaluated using the
error measures defined above.

Problem 1
Linear differential equation of order 2, (Ngwane & Jator, 2017).
y" = —10y + 99Sint} (4)
Where the initial conditions are y(0) = 1,y'(0) = 11. The exact solution
is given as:
y(t) =sint + cos 10t +sin10t (5
The transform of equation (4) is given below:
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(k

+2)! _ 1 . ko
DY (k + 2) = —100Y (k) + 99 {= sin(“)}.

Y(1)=11,Y(0) =1,
1 1 . km
The DTM approximated solution for Equation (4) is given below:
1001¢3 | 1250t* | 100001¢5 12500t

y() = 1+ 11t—50t?— + + - -
6 3 120 9
10000001t7 . 156250t8 142857143t°  1562500t10
5040 63 51840 567

Table 1 displays the exact, DTM solutions and the absolute error.
Figure 1 shows the comparison of the DTM approximation with the exact
solution for Problem 1. The table depicts the corresponding point to point
absolute errors. The close agreement over the stated interval is dependable
with the small truncation remainder for the preferred expansion order.

Table 1: Exact, DTM solutions Abs Error

t Exact solution DTM solution Abs Error
0 1 1 0
0.01 1.1048 1.1048 0
0.02 1.1987 1.1987 4.4408x10°'°
0.03 1.2808 1.2808 4.3298x10
0.04 1.3504 1.3504 1.0145x10"2
0.05 1.4069 1.4069 1.1703x10"
0.06 1.4499 1.4499 8.6143x10!!
0.07 1.479 1.479 4.6499x1071°
0.08 1.4939 1.4939 2.0002x10”
0.09 1.4948 1.4948 1.0032x107
0.1 1.4816 1.4816 2.2816x10°®

20

] O™

04 02 0n4 0.6 D8 1.0

Figure 1: Exact and DTM solutions

For Problem 1, a tenth-ordered DTM polynomial is used on 0 <'t
< 0.1. The largest tabulated absolute error is approximately 1x10"—8; the
corresponding maximum relative error is approximately 6.7x10"—9 based
on the tabulated exact values.
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Problem 2

Problem 2 has previously been treated using OHAM, HAM, and
HPM (Naeem et al., 2016). The same initial-value problem is considered
here with DTM so that the published approximations can be compared
with the exact solution. Applying DTM to Problem 2 gives the coefficient
recurrence shown below and the corresponding truncated series solution.

Y (O +2y(®) +y®) =0, (7
Whereas, y(0) = 1, and y (0) = 0. The exact solution of the problem is:
y(t) =te t+e L. (8)
Equation (7) is transformed by applying DTM:
DYk +2) + 20+ DY (e + 1) +Y (k) =0, 9)
Y(0) = 1,andY’'(0) = 0.
1
{10_11_11_LL_1 1 1}
772737 830" 144’840’ 5760’45360°  403200)°
DTM solution is of the problem 2 is obtained, which is given below:
R N T A A t7 t8
YO =1-o+ S tn mtm w10

The OHAM result:
Yoham(t) = 1 — 0.424995t% — 0.161002¢t3.
HPM result:
Yipm(t) =1 — 0.5t% — 0.33333t3 + 0.0417t%,
and HAM result:
Viam (£) =1 —0.0.464612t% + 0.209414t3 — 0.00742224 t* —
0.00671979t°.

Tabulated results of OHAM exact solutions and their absolute
(abs) error is presented in Table 2, while the numerical comparison of the
exact with HPM solution is shown in Table 3.

Table 2: Exact, OHAM solutions and absolute (Abs) error

t Exact solution OHAM solution Abs Error
0 1 1 0.
0.1 0.99532 0.99590 5.9 x10*
0.2 0.98247 0.98428 1.8 x10°
0.3 0.96306 0.96629 3.0 x10°
0.4 0.93844 0.94230 3.8 x10°
0.5 0.90979 0.92387 4.0 %1073
0.6 0.87809 0.88177 3.6 x10°
0.7 0.84419 0.84697 2.7 x10°
0.8 0.80879 0.81043 1.6 1073
0.9 0.77248 0.77312 6.4 x10™
1 0.73575 0.73600 2.4 x10*
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Table 3: Exact and HPM solutions

t Exact solution HPM solution Abs Error
0 1 1 0.
0.1 0.9953 0.9953 1.6 x10°®
0.2 0.9824 0.9827 2.5 %107
0.3 0.9630 0.9643 1.2 x10°
0.4 0.9384 0.9424 3.9 x10°
0.5 0.9097 0.9192 9.4 x1073
0.6 0.8780 0.8974 1.9 x10
0.7 0.8441 0.8793 3.5 10
0.8 0.8087 0.8677 5.8 x10
0.9 0.7724 0.8653 9.2 x10
1 0.7357 0.875 1.3 x10"!

Comparative analysis of HAM with exact solution is shown in the
Table 4. The absolute error is the difference between the exact and HAM
solution. In first three iterations the result is relatively good as compared
with the rest of iterations.

Table 4: Exact and HAM solutions

Exact solution HAM solution Abs Error
0 1 1 0.

0.1 0.99532 0.99556 5.9 x10*
0.2 0.98247 0.98307 1.8 x10°
0.3 0.96306 0.96376 3.0 x10°
0.4 0.93844 0.93880 3.8 x10°
0.5 0.90979 0.90935 4.0 %1073
0.6 0.87809 0.87648 3.6 x10°
0.7 0.84419 0.84125 2.7 x10°
0.8 0.80879 0.80462 1.6 x10°
0.9 0.77248 0.76749 6.4 x10"*
1 0.73575 0.73066 2.4 x10*

Table 5: Exact, DTM Solutions and Abs Error

t Exact solution DTM solution Abs Error

0 1 1 0.
0.1 0.99532 0.99532 1.1102x10°'¢
0.2 0.98247 0.98247 4.8849x10°15
0.3 0.96306 0.96306 4.3187x10°"1
0.4 0.93844 0.93844 1.0135%10°"!
0.5 0.90979 0.90979 1.1694x10°1°
0.6 0.87809 0.87809 8.6129x1071°
0.7 0.84419 0.84419 4.6534x10”
0.8 0.80879 0.80879 2.0041x10°®
0.9 0.77248 0.77248 7.2588%10°8

1 0.73575 0.73575 2.2934x1077

Table 5 (above) compares the tenth-order DTM approximation
with the exact solution. The maximum absolute error on 0 <t < 1 is
2.2934x1077, corresponding to a maximum relative error of approximately
3.12x107. This high-order result should not be interpreted as a direct proof
that DTM is universally more accurate than HAM, HPM, or OHAM
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because the published comparator formulas use different approximation
structures and orders.

Validation of the Method

Table 6 summarizes the pointwise errors described for the
published work (Naeem et al., 2016) and for the tenth-ordered DTM
solution. The results show a strong agreement with high-order DTM series
and the exact solution; however, the methods are not for the same
polynomial order in that study. A separate order-normalized comparison
is provided below.

Table 6: Error analysis for OHAM, HPM, Naeem et al. (2016) HAM and DTM

T OHAM error HPM error HAM error DTM error
0 0. 0. 0. 0.
0.1 5.9 x10* 1.6 x10°° 5.9 x10* 1.110x10'¢
0.2 1.8 x10° 2.5 %107 1.8 x10° 4.884x10°1
0.3 3.0 X107 1.2 x10% 3.0 X107 4.318x10"3
0.4 3.8 107 3.9 x1073 3.8 107 1.013x10!
0.5 4.0 x10° 9.4 x10% 4.0 x10° 1.169%x10°!°
0.6 3.6 X107 1.9 x10? 3.6 X107 8.612x1071°
0.7 2.7 %107 3.5 x10? 2.7 %107 4.6534x10°
0.8 1.6 x10° 5.8 x10? 1.6 x10° 2.0041x10°®
0.9 6.4 x10* 9.2 x10? 6.4 x10* 7.2588%10°®
1 2.4 x10* 1.3 x10°! 2.4 x10* 2.2934x107
|hb...“.. »?¢c.."
L ---_....'....
SRR TR " EE T ALY B 04 : !
(a) (b)
(] S D "
' & - - — :> - DU - .' - ',' -
] 4 £ ! .
(©

Figure 2 (Naeem et al., 2016): (a) Graph of the exact and OHAM solution; (b)
Graph of the exact and HPM solution; (c) Graph of the exact and HAM
solution
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Order-Normalized Comparison for Problem 2

To address differences in approximation order, the OHAM, HAM,
HPM, and DTM are truncated to the common polynomial degree N = 3,
and evaluated on the same grid t = 0, 0.1, ...,1.0. The resulting errors are
shown in Table 7. This comparison reveals that no method is uniformly
superior solely because of its label: at N = 3, the HAM polynomial has
the smallest error for this problem, whereas the DTM error decreases
rapidly, when its systematic recurrence is continued to higher order.
Accordingly, the manuscript confines comparative claims to the stated
order and accuracy conditions.

Table 7: Order-normalized error comparison for Problem 2 on t=0,0. 1, 1.0.

Method Common degree N MAE RMSE Maximum absolute error
OHAM 3 8.6566x10 1.3569x10"! 3.2176x10"

HPM 3 1.6016x10"! 2.4429x10! 5.6909x10"!

HAM 3 1.5083x10° 3.0031x10? 9.0431x10°

DTM 3 2.3173x10% 3.8669x107 9.7574x10*

0.6

4

0.0

0.0 0s 1.0 15 20 25 REL

Figure 3: Exact and DTM Solutions

Figure 3 shows the exact and DTM curves for Problem 2, while
Figures 2(a-c) display the published OHAM, HPM, and HAM
comparisons. Because the methods in those figures use different
approximation constructions, the figures are used as qualitative
illustrations rather than as evidence of a universal convergence-rate
ranking.

Problem 3

This problem examines a fourth-order nonlinear ordinary
differential equation with a known exact solution (Polyanin & Shingareva,
2019). It is included to test the coefficient recurrence for a nonlinear,
higher-order model.
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ye (£) = y2(©ye (t) + 12y°(2),
y(0) =1,5.(0) =1, (11)
Y::(0) = 2,,(0) = 6.

Where the exact solution is ﬁ

The transformed form of the problem by utilizing DTM

Dy (ke +4) =
v wrs A+k=—m—s)2+k—m~—s)
{Zs=02m=0 Y24k —m—s)Y(m)Y(s) + 128k — 12)}
Y(1)=Y(2)=Y(3)=Y(0)=1.
1

Y(k+4)=

(k+1)(k+2) (k+3) (k+4) X
{Zk sk-s 1+k-m—-—5)2+k—m-—y5) }
$E0Em=0y (2 + k —m —s)Y(m)Y(s) + 126(k — 12)
Y(1)=2Y(0)=1Y(2)=3.Y(3) =1.
DTM coefficients of the problem {1,1,1,1,1,1,1,2,£,ﬂ, ﬁ}
4’10°3’70’ 140’ 1680’ 12600

The series solution of the problem 3 is given by:

_ 2 3, t* 35 ¢ 19t7  31t8 307t  1837t1°
yO = 1+t+t7+t T ot T 0 T e T eso T 1ze00

Table 8 compares the exact and DTM solutions for Problem 3 and

reports the pointwise absolute error. The table displays close agreement
on the reported interval. The highes absolute error is 8.2748x107° at t=0.1,

corresponding to a relative error 7.45x107 based on the exact value.

Table 8: Exact and DTM Solutions

t Exact solution DTM solution Abs error

0 1 1 0.
0.01 1.0101 1.0101 7.5706x107
0.02 1.0204 1.0204 1.2228%107
0.03 1.0309 1.0309 6.2501x107
0.04 1.0416 1.0416 1.9945x10°¢
0.05 1.0526 1.0526 4.9172x10°°
0.06 1.0638 1.0638 1.0297x10°
0.07 1.0752 1.0752 1.9268%107
0.08 1.0869 1.0869 3.3205x10°
0.09 1.0988 1.0989 5.3733x10°
0.1 1.1110 1.1111 8.2748%107

Figure 4 displays the graphical comparison between the DTM and
the exact solution for Problem 3. The plot is consistent with the tabularized
errors and shows the local accuracy of the truncated series.
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DM

0.0 0.2 0.4 0.6 0.8 10

Figure 4: Exact and DTM Solutions.

Problem 4 (Nonlinear Riccati Equation with a Finite Radius of
Convergence)

To further examine the nonlinear behavior of the method and
highlight the importance of analyticity, consider the following nonlinear
differential equation:

y'(t) = 1 + y?(t), subject to the initial condition y(0) = 0.
The exact solution of this problem is t = + %

For this solution, the singularities nearest to the point (t = 0) are
located, therefore, the Taylor series, and the DTM series, converges within

R==.
2
Using the Differential Transform Method, the leads to the recurrence
relation 8 (k, 0) + Y¥_, Y (r)Y (k — r), together with Y (0) = 0.
By successively evaluating the recurrence relation, the nonzero
transformed coefficients up to the thirteenth order are obtained as:

1 2 17 62
YW =1LYE) =3 YC) =5 Y (D) =35.Y0O) = 555
1382 21844
ran = 155925’Y(13) "~ 6081075

Since all even-order coefficients vanish, the thirteenth-order DTM
approximation can be written as
1 2 17 62 1382 21844
y(®) =t+ §t3 + Ets + Eﬂ + ﬁtg + 55025 tr 6081075 £

This thirteenth-order approximation is used in the following
analysis to study the convergence behavior of the DTM solution and to
compare with the exact solution.

The error remains very near the expansion point, but increases as
t approaches the singularity at /2. On 0 < t < 1, the highest absolute
error is 2.45x107 and the maximum relative error is approximately
1.57x1073. This behavior illustrates the dependence of DTM on truncation
order and radius of convergence.
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Results and Discussion

From problems 1-3, the DTM results agree very close with the
exact solutions on the particular intervals, as depicted in tables 1, 5, and 8
and pictured in Figures 1, 3, and 4. The revised error assessment adds
maximum, relative and absolute errors to the original pointwise absolute-
error tables. For Problem 2, the tenth-order DTM approximation has a
highest absolute error of 2.2934x1077 on 0 <t < 1. While, Table 7
shows, that when all methods are restricted to the same cubic degree,
HAM has the smallest error for that specific comparison. Thus, the data
support high accuracy of the higher-order DTM recurrence but do not
support an unconditional claim that DTM is always more accurate than
HAM, HPM, or OHAM.

The added Riccati test in Table 9 delivers a more challenging
nonlinear example and also exposures a restriction that is not visible in the
first three tests. Because tan(t) has singularities at +n/2, its DTM series
about t = 0, is essentially local. The increasing error at t = 1 is consistent
with the convergence bound, stated earlier. This result shows that DTM is
most consistent, when the solution is analytic over a suitably large
neighborhood of the expansion point, while, when the truncation order is
selected relative to the intended interval.

Table 9: Exact and thirteenth-order DTM solutions for the nonlinear Riccati

problem.

T Exact tan(t) DTM (N=13) Absolute error Relative error
0.0 0.000000 0.000000 0.000 0.000
0.1 0.100335 0.100335 2.776x10°"7 2.766x10°'¢
0.2 0.202710 0.202710 4.852x101 2.393x10°"
0.3 0.309336 0.309336 2.168x10" 7.009%10°"!
0.4 0.422793 0.422793 1.672x10° 3.954x10
0.5 0.546302 0.546302 4.944x10%* 9.049x10*
0.6 0.684137 0.684136 8.014x107 1.171x10°¢
0.7 0.842288 0.842280 8.624x10°° 1.024x10°
0.8 1.029639 1.029569 6.916x10° 6.717x10°
0.9 1.260158 1.259712 4.462x10* 3.541x10*
1.0 1.557408 1.554960 2.448x1073 1.572x1073

The figures and tables are therefore interpreted together: the plots
show qualitative agreement, while the error tables quantify the differences.
DTM remains attractive because of its recurrence relations are reliable to
produce and extend systematically to high order. Nevertheless,
computational efficiency depends on the equation, symbolic algebra
required by nonlinear products, desired tolerance, and the need for
possible domain decomposition or multi-step continuation.
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Conclusion

This study evaluated the Differential Transform Method through
linear, nonlinear, and higher-order differential-equation problems by
means of exact-solution comparisons and a more explicit validation
framework. The revised analysis confirms the study's contribution by
adding a convergence-based truncation estimate, a stopping criterion,
relative and maximum absolute errors, and an order-normalized
comparison with HAM, HPM, and OHAM. The results clarify that DTM
can achieve high accuracy, when the solution is analytic in the region of
interest, and when a sufficient truncation order is taken into account. The
nonlinear Riccati example further shows, that how the error grows as the
evaluation point approaches the nearest singularity. DTM is mainly
limited by the fact that its power-series solution is valid only within a
certain region. The accuracy of DTM may decrease near singularities,
discontinuities, sharp gradients, or other non-smooth regions. In addition,
using higher-order approximations for strongly nonlinear systems can
increase the computational effort and memory required. For problems
whose solution has a limited radius of convergence, multi-step DTM,
analytic continuation, or hybrid numerical strategies may be required.
Overall, these results show that DTM is a reliable and reproducible semi-
analytical method, although it should not be considered the best choice for
every type of differential equation
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